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Abstract
Near the critical temperature of the chiral phase transition, a collective excitation due to
fluctuation of the chiral order parameter appears. We investigate how it affects the quark
spectrum near but above the critical temperature. The calculated spectral function has
many peaks. We show this behavior can be understood in terms of resonance scatterings of
a quark off the collective mode.
1 Introduction
Quark gluon plasma (QGP) near chiral phase transition at high temperature (T ) and low den-
sity is recently much studied experimentally and theoretically. Characteristic features of QGP
in that region are considered to come from the strong coupling nature of QCD. For example,
in recent lattice QCD analysis, the lowest charmonium state survives above the critical temper-
ature TC [1], which indicates there exist some hadronic bound states even in the QGP phase.
Phenomenologically the existence of hadronic states above TC was suggested for the light quark
sector many years ago. If the order of the phase transition is the second or the nearly second,
there are long range correlations leading to fluctuations. It is shown that the fluctuation of
the chiral order parameter, 〈ψ¯ψ〉, survives up to ε = (TC − T )/TC ∼ 0.2 at zero density[2].
This value is much larger than that in superconductors in metal, ε ∼ O(10−3), which is due to
the strong coupling nature between quarks. Inspired by the RHIC data and the lattice QCD
results, such hadronic states for both the light and heavy quarks at QGP near Tc are recently
elaborated[3].
In this paper we investigate the quark spectrum near TC in the QGP phase. Owing to
the strong couping nature, the quark spectrum could be much different from the free quark
one. In such an analysis, however, perturbative QCD based on the hard thermal loop (HTL)
resummation would not be valid because TC is not so high. Instead, we employ a low energy
effective model of QCD and incorporate physical phenomena which are important near TC . As
stated above, one of important degrees of freedom near Tc is the fluctuation mode of the order
parameter, because it reflects the long range correlation due to the second order phase transition.
In the chiral phase transition, we can observe the fluctuation of the chiral condensate, which
we call the soft mode, near but above TC . Therefore, we investigate how the fluctuation of the
chiral condensate contributes to the quark self-energy and affects the spectrum near but above
TC .
In Sec.2, we formulate the single-quark spectral function which incorporates the fluctuation
effects. Numerical results and the discussions are given in Sec.3. The conclusion and the outlook
are in Sec.4.
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1
2 Formulation
We employ an effective model of QCD, Nambu–Jona-Lasinio model,
L = ψ¯i∂/ψ +GS [(ψ¯ψ)
2 + (ψ¯iγ5~τψ)
2], (1)
with ~τ being the flavor SU(2) Pauli matrix. We consider the chiral limit to investigate the second
order chiral phase transition at zero density. The coupling constant GS = 5.5 GeV
−2 and the
three dimensional cutoff Λ = 631 MeV are taken from Ref.[4]. The critical temperature TC is
determined from the thermodynamic potential in the mean field approximation. The critical
temperature at zero density is TC = 193.5 MeV and the tricritical point (TCP), where the
order of the transition changes from the second to the first, is located at TTCP = 84.2 MeV and
µTCP = 278.6 MeV.
Firstly we formulate the fluctuation of the chiral order parameter. The collective excitation
due to the fluctuations of the chiral condensate above TC can be expressed by quark-antiquark
effective propagators in the scalar isoscalar (σ) and the pseudoscalar isovector (π) channels[2].
We evaluate them in the random phase approximation to give
Dσ(p, νn) =
2GS
1 + 2GSQ(p, νn)
,Dpi(p, νn) = 3Dσ(p, νn), (2)
in the imaginary time formalism. Here νn = 2πnT is the Matsubara frequency for bosons and
Q(p, νn) is the one-loop quark-antiquark polarization function,
Q(p, νn) = T
∑
m
∫
d3q
(2π)3
Tr[G0(q, ωm)G0(p+ q, νn + ωm)], (3)
where the free Matsubara quark propagator G0(p, ωn) is given by G0(p, ωn) = {(iωn +µ)γ0−p ·
γ}−1 with ωn = (2n + 1)πT being the Matsubara function for fermions and the trace is taken
over color, flavor and Dirac indices.
After carrying out the Matsubara summation, one takes the analytic continuation to obtain
the retarded functions, DRσ,pi(p, ω) = Dσ,pi(p, νn)|iνn=ω+iη and Q
R(p, ω) = Q(p, νn)|iνn=ω+iη.
From the effective propagator DRσ,pi, one can obtain the spectral function which shows the peak
due to the collective mode[2],
Aσ(p, ω) = −
1
π
ImDRσ (p, ω). (4)
Api is the same as the Aσ up to a constant factor. We show the temperature dependence of
the Aσ(p, ω) at p = 0 in Fig.1(left). The peaks denote the collective mode which moves to the
origin as the temperature approaches TC from above. One sees that the peaks appear up to
ε ≡ (T − TC)/TC = 0.2. The momentum dependence of the Aσ(p, ω) is shown in Fig.1(right).
As the momentum lowers, the peak approaches the origin and diverges at TC and (p, ω) = (0, 0),
which means the softening.
Using the quark-antiquark effective propagators formulated above, we incorporate the fluc-
tuation of the chiral condensate into the spectral function of quarks expressed as
Aq(p, ω) = ρ0(p, ω)γ
0 − ρV (p, ω)pˆ · γ, (5)
with ρ0(p, ω) = ρ−(p, ω) + ρ+(p, ω), ρV (p, ω) = ρ−(p, ω)− ρ+(p, ω), and
ρ∓(p, ω) = −
1
2π
ImΣ∓(p, ω)
[ω ∓ |p| − ReΣ∓(p, ω)]2 + [ImΣ∓(p, ω)]2
. (6)
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Figure 1: Temperature dependence at p = 0 (left) and momentum dependence at T = 196
MeV(1.01TC ) (right) of the spectral functions, eq.(4).
Figure 2: The self-energy Σ˜ in the T-matrix approximation.
One notes that there is no Lorentz-scalar term in Aq(p, ω) in the chiral limit. Σ∓(p, ω) are
obtained from the retarded quark self-energy,
ΣR(p, ω) = γ0(Σ−Λ− +Σ+Λ+), (7)
with Λ∓ = (1 ± γ
0
pˆ · γ)/2. Effects of the fluctuation on the quark spectrum are incorporated
through the quark self-energy for which we employ the non-self-consistent T-matrix approxima-
tion [5, 6],
Σ˜(p, ωn) = T
∑
m
∫
d3q
(2π)3
D(p− q, ωn − ωm1)G0(q, ωm) (8)
with D(p, ωn) = Dσ(p, ωn) + Dpi(p, ωn). Fig.2 is the diagrammatic expression for the Σ˜. After
the summation of the Matsubara frequency and the analytic continuation, iωn → ω + iη, it
becomes the retarded function,
ΣR(p, ω)
=
∫
d4q
(2π)4
[
− coth
(
q0
2T
)
ImDR(p− q,−q0)G
R
0 (q, q0 + ω + iη)
+ tanh
(
q0
2T
)
DR(p− q, ω − q0 + iη)ImG
R
0 (q, q0)
]
= −
1
2
∫
d4q
(2π)4
ImDR(p− q, q0)
q0 − ω + |q| − µ− iη
(γ0 − qˆ · γ)
[
coth
(
q0
2T
)
+ tanh
(
|q| − µ
2T
)]
+
1
2
∫
d4q
(2π)4
ImDR(p− q, q0)
q0 − ω − |q| − µ− iη
(−γ0 − qˆ · γ)
[
coth
(
q0
2T
)
+ tanh
(
−|q| − µ
2T
)]
,
3
(9)
with qˆ = q/|q|. The retarded Green function for a massless quark is expressed as
GR(p, ω) =
Λ−γ
0
ω − |p| −Σ− + µ+ iη
+
Λ+γ
0
ω + |p| − Σ+ + µ+ iη
. (10)
It is clear that for a free particle (Σ∓ = 0), the poles in each term in the RHS of eq.(10) give the
dispersion relations for a free quark and a free antiquark, respectively. At finite temperature
and density, there can be several poles in each term.
3 Results and Discussions
We show the numerical results of the spectral functions. The spectral function ρ0(p, ω) and the
corresponding dispersion relations for each temperature and zero chemical potential are shown
in Figs.3 and 4. The dispersion relations, ω = ω∓(p), are obtained from the poles of the retarded
Green functions, i.e., the solutions of the equations ω ∓ |p| − ReΣ∓ + µ = 0. For clarity, the
dispersion relations for ω−(p) and ω+(p) are plotted separately in these figures. Near TC , one
sees several peaks for small p and ω. Although there are ten solutions at p ≈ 0 and T = 196
MeV (1.01TC ) in the dispersion relation, for example, they do not always form peaks in the
spectral functions. This is because the peaks are also formed depending on the imaginary part
of the self-energy.
Now we analyze the peak structure of the spectral functions for each T . For the high
momentum region (p > 100MeV), the number of spectral peaks are two over all the temperatures.
Their positions are close to those of a free massless quark and an antiquark, respectively. Since
the fluctuation rapidly reduces at high momentum as shown in Fig.1, their peaks correspond to
nearly free quasi-quark and quasi-antiquark states, which is also confirmed from the dispersion
relations. The widths of these peaks come from incoherent scatterings off a quark and an
antiquark in the effective pair-field propagator D.
At T ≥ 300 MeV, simple two-peak structures are seen over all the frequency and the momen-
tum region and their positions are also close to free quark states. This is because the fluctuation
disappears at these temperatures and only the incoherent scatterings exist.
Next we turn to the low frequency and low momentum region near TC where the several
peaks are seen. As a typical example of such a region, let us consider the spectral function at
|p| = 50 MeV and T = 210 MeV shown in Fig.5. In order to analyze it, it is convenient to
decompose the ρ0 into the ρ∓ as in this figure. The ρ− represents the spectrum for quarks and
antiquark ‘holes’ and the ρ+ for antiquarks and quark ‘holes’. Here ‘holes’ mean annihilation
of thermally excited particles. We focus on the ρ− part and show the corresponding self-energy
Σ− in Fig.6. The |Im Σ−| has two peaks (large numbers) around ω ≈ −100 and 50 MeV, where
there exists a strong decay process. In this case, the peak with ω > (<)0 comes from the
scattering of a quark off the collective (soft) mode with ωs > (<)0 shown in Fig 1. Because
the soft mode with ωs > 0 describes the creation process of it, the peak of the |Im Σ−| with
ω > 0 represents the following processes: (i) A quark decays into a soft mode and an (on-shell)
quark, q → (q¯q)soft + q, and an antiquark ‘hole’, q → (q¯q)soft + q¯h. Similarly, the soft mode
with ωs < 0 describes the annihilation process and thus the peak of the |Im Σ−| with ω < 0
represents the following processes: (ii) an (on-shell) quark and a soft mode couple to a quark,
(q¯q)soft + q → q, and an antiquark ‘hole’ and a soft mode couple to a quark, (q¯q)soft + q¯h → q.
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Figure 3: The spectral functions ρ0(p, ω) and the dispersion relations for T=196 MeV (1.01TC ),
T=210 MeV (1.09TC ), T=230 MeV (1.19TC ), T=250 MeV (1.29TC ) from above.
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Figure 4: The same as Fig.3 for T=300 MeV (1.55TC )(upper) and T=400 MeV (2.07TC )(lower).
They are schematically shown in Fig.7. The origin of the spectral peaks for these processes
is understood from the real part of the self-energy shown in Fig.6. Recall that the dispersion
relation of quarks is obtained from the solution ω−|p|−ReΣ−(p, ω) = 0. We see that there are
three solutions around ω ≈ −9 MeV, 45 MeV and 148 MeV from the intersections of ReΣ− and
the line ω − |p|. The solution ω ≈ −9 MeV has a sharp peak in the spectral function (Fig.5).
The origin of it is a superposition of the scatterings (i) and (ii) because it lies between two
peaks of |ImΣ−|. The solution ω ≈ 45 MeV has no peak because |ImΣ−| is large. The peak for
the solution ω ≈ 148 MeV is coming from the scattering (i). There is another peak in ρ− at
ω ≈ −120 MeV, which is not an pole but a remnant of it because for smaller |p|, it is an actual
pole which comes from the scattering (ii). The same discussions are possible for the scatterings
of an antiquark from the ρ+ part, whose processes are shown as (iii) and (iv) in Fig.7. Therefore,
all the peaks at near TC can be understood in term of the resonance scatterings of a quark off
a soft mode. One of the characteristic features of them is the scatterings into a quark ‘hole’
and an antiquark ‘hole’, which appear only at finite temperature and/or density and form the
sharp spectral peaks in the space-like region as in the figure. These processes involving ’holes’
are schematically shown in Fig.8.
For the behavior of the dispersion relations, it is instructive to recall the quark spectrum of
hot QCD valid in the high temperature limit[7]. We see that the dispersion relations near TC
and from hot QCD are similar. In fact, one can show that our results of the dispersion relations
near TC are understood as an interpolating behavior between the free quark dispersion at zero
temperature and the dispersion in the high temperature limit of hot QCD[8].
At finite density, existence of the Fermi surface prevents antiquarks from exciting thermally
6
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Figure 5: The spectral functions at |p| = 50 MeV and T = 210 MeV (1.09TC ).
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Figure 6: The self-energy Σ− at |p| = 50 MeV and T = 210 MeV. The line ω−|p| is also shown.
and thus the antiquark ‘hole’ excitation is suppressed. We have also investigated the quark
spectrum near the tricritical point and obtained an asymmetric spectrum for the quark and
antiquark sectors. The detail is given in Ref.[9].
Finally we comment on the related work on the chiral fluctuations. Recently a possible
pseudogap formation in the chiral phase transition is discussed by several authors[10]. They
considered the chiral phase transition due to the phase fluctuation of the chiral condensate, i.e.,
existence of the state with 〈ψ¯ψ〉 = 0 but 〈|ψ¯ψ|〉 6= 0 was investigated. The fluctuations on
which we focus in this paper are clearly different from it: We are interested in the states with
〈ψ¯ψ〉 = 〈|ψ¯ψ|〉 = 0 but 〈ψ¯ψ(x)ψ¯ψ(0)〉 6= 0. It is also interesting to combine our analysis with
the phase fluctuation and as a result diverse chiral phase structures may appear.
4 Conclusion
We have investigated the effects of the fluctuation of the chiral order parameter, i.e., the soft
mode, on the single-quark spectral function near but above the chiral phase transition. In
order to incorporate the strong coupling nature between quarks, we have employed a low energy
effective model of QCD, Nambu–Jona-Lasinio model to evaluate the strength of the soft mode
7
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Figure 7: Scattering processes of a quark. qh(q¯h) denotes an (anti)quark ‘hole’.
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Figure 8: Scattering processes of an antiquark(a quark) into the soft mode and a quark ‘hole’
qh(antiquark ‘hole’ q¯h). f(f¯)(E) denotes the quark(antiquark) distribution function. The
quark(antiquark) ‘hole’ means the annihilation of a thermally excited quark(antiquark).
quantitatively. In fact, we have shown that the fluctuations of the chiral condensate make a
collective mode whose spectral peak moves to the origin as temperature approaches the critical
temperature from above, as first shown in Ref. [2]. Owing to the existence of such fluctuations,
the quark spectrum at low frequency and low momentum is strongly modified from the free
particle one and shows several peaks. This peak structure of the spectral function can be
understood in terms of the resonance scattering of a quark off a soft mode shown in Fig.7.
The scatterings to a soft mode and an (anti)quark ’hole’ are characteristic of finite temperature
and/or density systems and can form spectral peaks in the space-like region. Similar phenomena
occur in hot QCD, where the hard thermal loop (HTL) approximation can be employed to
evaluate the quark self-energy. In this case, scattering of a quark of a thermal gluon leads to
plasmino states. The difference of the dispersion relations between our results and the HTL
approximated hot QCD is that the former occurs just above the critical temperature(TC) where
the fluctuations of the chiral condensate survive and is insufficient to form the clear plasmino
states because TC is not so high[8].
The existence of the soft mode is only due to the existence of the second (or nearly second)
order transition and the strength of it depends on the strong coupling nature of QCD. Therefore
the scattering processes of a quark off the soft mode must exist universally. Effects of the finite
current quark masses might smear the fluctuation, because the order of the transition changes
into crossover at low density. Furthermore, the fluctuation around the critical end-point is
a different property from that studied in this paper [11]. Investigation under such a case is
remained as a future project.
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